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Abstract 
 
We analyze bound states of an electron in the field of a positively charged 
nanoshell. We find that the binding and excitation energies of the system decrease when 
the radius of the nanoshell increases. We also show that the ground and the first excited 
states of this system have remarkably the same properties of the highly excited Rydberg 
states of a hydrogen-like atom i.e. a high sensitivity to the external perturbations and long 
radiative lifetimes.  
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I. Introduction 
 
The study of nanophysics has stimulated a new class of problem in quantum 
mechanics and developed new numerical methods for finding solutions of many-body 
problems [1]. Especially, enormous efforts have been focused on the investigations of 
nanosystems where electronic confinement leads to the quantization of electron energy.  
Modern nanoscale technologies have made it possible to create an artificial quantum 
confinement with a few electrons in different geometries.  
Recently, there has been a discussion about the possibility of creating a new class of 
spherical artificial atoms, using charged dielectric nanospheres which exhibit charge 
localization on the exterior of the nanosphere [2]. In addition, it was reported by Han et al 
[3] that the charged gold nanospheres were coated on the outer surface of the microshells. 
They have shown that the variations of absorption spectrum in the gold nanosphere stem 
from the enhanced particle interactions and from the field enhancements in the space 
among the nanospheres. The crucial role of charged nanospheres in photoactive 
nanocompounds has been emphasized in Ref. [4]. 
 In the meantime, Rydberg atoms i.e. hydrogen-like atoms in which the external 
electron is excited to a state of a large principal quantum number have been studied 
intensively in the area of laser spectroscopy [5]. The average separation between the 
excited electron and core ion is too large and hence, the external electron is loosely bound 
with the nucleus. For instance, it is reported that the excited electron in a quantum state 
with a principal quantum number 27=n  has an average distance of nm37 from the 
nucleus [6]. Due to their large size, Rydberg atoms exhibit large diamagnetic energy shifts. 
As a consequence, Rydberg atoms are highly sensitive to the external perturbations which 
make them very important in different applications [5]. 
However, one of the restrictions on the Rydberg atoms in the application point of 
view is a necessity of pumping systems (lasers). In this article we propose a new 
nanosystem, called artificial Rydberg atoms (ARA), which has surprisingly the same 
properties of the Rydberg atom, but does not need a pumping system. This ARA can 
simply be achieved by considering a system of an electron in the field of a positively 
charged nanoshell. Hence, we study a simple model of the charged nanoshell potential and 
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examine a comprehensive description of the quantum mechanics in this system. These 
investigations allow us to develop an idea of how the spectrum and distribution of electron 
change with a radius of the nanoshell and to find a deep analogy with Rydberg atoms. 
Besides, they provide the first step towards many-electron theory of a metamaterial 
consisting of ARA-s. 
The paper is organized as follows. In Sec. II, we describe a model of nanoshell 
potential. Section III contains general expressions for the solution of eigenvalue and 
eigenfunction problems in the field of a potential introduced in Sec. II. It is also shown that 
the results are in good agreement with the well-known solution of the problem for an 
electron in the spherical symmetric rectangular well with a finite depth. In Sec. IV, we 
analyze electron energy levels and eigenfunctions in a charged nanoshell potential, and 
show that we come to the results for a hydrogen atom in the limit when the radius of the 
nanoshell approaches to zero. We present numerical results in Sec. V on the electron 
energy levels, excitation energies, electron distribution functions, and matrix elements for 
different radii of the nanoshell and different electron orbital quantum number. Finally, we 
summarize our concluding remark in Sec. VI and calculate the spectrum of ARA in 
Appendix A using the WKB approximation.  
 
II. Model of nanoshell 
 
We study a simple model of nanoshell by ignoring thickness and other possible 
structures of the nanoshell, because the inclusion of a finite thickness of the shell does not 
bring to the new qualitative consequences. We consider an electron in the field of a 
spherically symmetric potential:  
             ( ) ,
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α                                                              (1) 
where V0   and  α   are positive constant numbers: 
                                               0 ,0 ≥αV .                                                                             (2) 
Here, Eq. (1) is coincident with the potential of a spherically symmetric rectangular well 
with a depth V0  when .0=α  For a spherical shell having the magnitude of a positive 
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charge eZ , we have a constant α  as 
                                                     ,2Ze=α                                                                                 (3) 
and a constant 0V  as  
                                                    
R
ZeV
2
0 =                                                                              (4)                            
with a condition that the electrostatic potential ( )rV  is continuous at r=R. For the sake of 
simplicity, we have ignored an influence of the medium in Eq. (1). In other words, an 
electron in the field of a spherically symmetric potential is assumed to be in vacuum. 
 
III. Bound states 
 
In this section, we focus on determining the bound energy levels and 
eigenfunctions of the electron in the field of a potential given in Eq. (1), that is E<0 and   
                                                  0VE ≤ .                                                                               (5) 
Defining quantities 
                                                 ,2 2 E
m
h=χ                                                                     (6.a) 
                                            ( ),2 02 EVmk −= h                                                                (6.b) 
                                                  2hχ
αλ m= ,                                                                          (6.c) 
the radial Schrödinger equation [7] in the field of a potential [Eq. (1)] can be written as 
                           ( ) ( ) ( ) ( ) 012 22 =Φ⎥⎦
⎤⎢⎣
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r
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for  Rr < , and   
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⎡ ++−−Φ+Φ >′>′′> r
r
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r
r
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for Rr > . Since ( )r<Φ  has to be finite for 0=r , a solution of the Eq. (7.a) can be obtained 
as 
                                              ( ) ( )krjAr ll=Φ< ,                                                                  (8.a) 
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where Al  is a constant and ( )krjl  is the first kind of a spherical Bessel function [8]. In the 
meantime, one can obtain a solution of Eq. (7.b) as 
                                           ( ) ( ) ( ),2,22,1 rllUerBr rll χλχ χ +−+=Φ −>                               (8.b) 
where  Bl   is a constant and  ( )xbaU ,,  is the second kind of a confluent function [8]. Both 
wave functions and the first derivative of the wave functions have to be continuous at the 
boundary Rr = : 
                                           ( ) ( ) ( ) ( )RRRR ′>′<>< Φ=ΦΦ=Φ     , .                                         (9) 
Then, from Eq. (8) and Eq. (9), we get an expression for coefficients 
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                                               (10) 
and a transcendental equation for the bound state energy levels: 
                                      ( )( )
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Here, we note that differentiation of the special functions  lj   and U   is taken by the whole 
arguments. 
Therefore, the general wave function can be obtained from Eq. (8) and Eq. (10) as 
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where  C   is defined from a normalization condition: 
                                               ( ) .122
0
=Φ∫+∞ rdrr                                                                    (13) 
By taking  0=α  in the potential of Eq. (1), we come to the problem of an electron in the 
spherically symmetric rectangular well with a finite depth. In this case, 0=λ [see (6.c)] 
and then a confluent function  ( )RllU κ2,22,1 ++   may be expressed by the first kind of a 
Hankel function [8]: 
( ) ( ) ( ) ( ) ( )RiHeRiRllU lRll χχπχ χ 1 2/12/11 2122,22,1 +−−+−=++ . 
Hence, Eq. (11) and Eq. (12) becomes:  
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where ( ) ( )xhl 1  is the first kind of a spherical Hankel function [8]. These expressions for the 
energy spectrum and the wave functions of a particle in the field of a spherically symmetric 
rectangular well potential are known in the quantum theory of nucleus [9]. 
 
IV. Electron energy levels and eigenfunctions 
 
Let us analyze, in detail, the case when the potential of Eq. (1) is coincident with a 
scalar potential of the charged spherical shell [Eq. (3) and Eq. (4)] with 1=Z . We use 
Coulomb units by taking  
                                                
2
1 2
aEE ξ=   and     0aR η= ,                                                     (14) 
where eVRymeEa 21.272/ 24 === h  and  nmmea 053.0/ 220 == h  are Coulomb units of 
an energy (Rydberg) and a distance (Bohr radius), respectively. Because  η   is changed in 
a region  +∞<≤η0   and the energy is satisfied from an inequality relation of Eq. (5), a 
condition for  ξ  is determined by 
                                                  ηξ /20 ≤≤ .                                                                (15) 
Inserting Eq. (14) into the dispersion relation of Eq. (11), we find: 
                         ( )( )
( )( ) ,02,22,1 2,22,121 1
1
=+−+
+−+′−−+ −
−′
ξηξ
ξηξ
ξηβξη
βξηβ
llU
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where ( ) 12 12 −= −ηξβ . Using differentiation rules for the Bessel and confluent 
functions such as ( ) ( ) ( )xjxj
x
lxj lll 1+
′ −=  and ( ) ( ) ( ),,1,,,,, xbaUxbaUxbaU +−=′  Eq. (16) 
can be expressed by  
                   ( ) ( ) ( ) ,02,22,1,2,32,1 11 =+−+Λ−+−+ −− ξηξηξξηξ llUllU l                         (17) 
where 
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It is interesting to note that in this system, there is no accidental degeneracy of 
energetic levels which is different from that of a pure Coulomb potential case (a hydrogen 
atom).  The parameter ξ  in solutions of Eq. (17) is a function of the nanoshell radius .η  In 
addition, it also depends on the orbital quantum number l and the radial quantum number 
,...2,1,0=rn :   
                                                     ( )., ηξξ rnl=                                                                   (19) 
Inserting Eq. (19) and Eq. (14) into Eq. (12), we find an eigenfunction  
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with a corresponding eigenvalue  
                                                   RyE
rr nlnl
2
,, ξ−= .                                                                     (21) 
Here, we have introduced new parameters 2,, /2 rr nlnl ξηλ −=   and  0/ ar≡ρ  in Eq. (20). 
The coefficient 
rnlC ,   in Eq. (20) can be obtained from the normalization condition of Eq. 
(13):   
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Now, we would like to confirm that if we consider a limiting case of the above 
results, then they are in good agreement with the solution of a hydrogen atom problem. In 
other words, we calculate a dispersion relation of Eq. (17) and wave functions of Eq. (20) 
in the limit 0→η , which is a pure Coulomb potential in Eq. (1) with 0=R . Using an 
expression  ( )( ) 22 ,2/11
1 12
x
x
xj
xj
nlnl
l
−= +
∞
=
+ ∑γ  [10] where nl ,γ   ( ,...2,1,0=n ) are positive zeros of 
the Bessel function ( ),xjl   ( )ηξ ,lΛ   in Eq. (18) can be written as  
( ) ( )22 ,2/11
2 1
2
1, βξηγξηβηξ −+=Λ +
∞
=
∑
nln
l . 
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Hence, the magnitude of ( )ηξ ,lΛ  at 0=η in Eq. (18) can be obtained as 
                                 ( ) ( ) ,32
1
2
112
2
10, 2
,2/11 +
+=+=Λ
+
∞
=
∑ lnlnl ξγξξ                                         (23) 
where the sum over zeros of the Bessel function is expressed by ( )322
11
2
,2/11 +
=
+
∞
=
∑ lnln γ  
[10].  
On the other hand, the confluent function ( )xbaU ,,  for  0+→x  and 2>b  is given 
by [8] 
                                             ( ) ( )( ) .
11,, 1−Γ
−Γ→ bxa
bxbaU                                                        (24) 
Using Eq. (23) and Eq. (24), we find the dispersion relation of Eq. (17) that is satisfied if 
and only if the condition 
                                                       ( ) 011 1 =−+Γ −ξl                                                           (25) 
is provided. Taking into account the fact that  Γ   function has poles at non-positive 
integers [8], we extract ,......)2,1,0( 1 1 =−=−+ − rr nnl ξ  from Eq. (25). Therefore, we find 
the solutions of Eq (19) at  0=η  as  
                                                ( ) .
1
10, ++= lnrnl r
ξ                                                               (26) 
Inserting Eq. (26) into Eq. (21), we finally have the spectrum of a hydrogen atom: 
                                                ( ) .1 2, ++−= ln
RyE
r
nl r                                                           (27) 
Substituting Eq. (26) into Eq. (20) and taking the limit  ,0→η   we obtain a coordinate 
dependent part of wave function as  
( )ρξρ ρξ
r
rnl
nlr
l lnUe ,2,22,, +−− .  
After we use the confluent function U  in terms of the Laguerre polynomials, 
( ) ( ) ( ) )(!1,1, xLnxnU nn αα −=+−  for ,...2,1,0=n , we get the radial wave function of a 
hydrogen atom [7]. We notice here that if we change ξξ Z→  and ηη 1 −→ Z , then we can 
generalize our results in the case of  1≠Z .   
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V. Analogy with Rydberg states 
 
In this section, we analyze electronic energy levels, excitation energies and electron 
distribution functions in the ARA for different radii of the nanoshell. The first four levels, 
( ),, ηξ rnl for 2,1,0=l and 50=η  ( )nmR 65.2= , 100  ( )nmR 3.5= , 150 ( )nmR 95.7= , and 
200 ( )nmR 6.10=  are listed in Table 1 by solving Eq. (17). The energy of the electron in 
ARA is then calculated from Eq. (21). As in case of Rydberg atoms [5], the binding 
energies of ARA are an order of Ry210− .  As we can see from Table 1, ξ  -s are monotonic 
decreasing functions of  .η   For example, ( ) 100,0 =ξ  for a hydrogen atom  ( )0=η   and 
( )ηξ 0,0  at 200,150,100,50=η for a nanoshell is equal to 0.19429, 0.13917, 0.11418, and 
0.09913, respectively. The monotonic decreasing behavior of ( )ηξ
rnl ,
 for the ground and 
the first excited levels of ARA is analytically shown in Appendix A using the WKB 
approximation. We also note from Table 1 that the energy levels in ARA have the 
following arrangement for a fixed radius of the nanoshell as  
......... 1,21,11,0,2,1,0 <<<<<<< +++ rrrrrr nnnnnn EEEEEE   
This clearly indicates that there is no accidental degeneracy in ARA, which is not the case 
for a pure Coulomb potential (a point nucleus). 
 
 
 
.200,150,100,50 and 2,1,0for ARA  of levelsenergy four first  The 1. TABLE == ηl  
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For the application point of view, the excitation energy  ( )ηEΔ   of the system, 
which is the difference between the first excited and ground energy state levels, is very 
important. From Table 1, we can calculate the excitation energy as follows: 
                               
( ) ( )
( ) ( ) .108.1200  ;101.3150
;105.6100  ;108.2250
44
44
RyERyE
RyERyE
−−
−−
⋅≅Δ⋅=Δ
⋅=Δ⋅=Δ
                            (28) 
This indicates that a transition frequency h/EΔ=Δω , which corresponds to the excitation 
energy, is an order of THz in the whole range of the change of the nanoshell radius 
2.65nm-10.6nm. Because the radiative lifetime of the excited level is proportional to 
( )3ωΔ ,  we may conclude that the first excited levels of ARA also have very long lifetimes 
analogous of the Rydberg atom. 
In order to examine the properties of highly excited Rydberg states of the ARA, 
such as a high sensitivity to the external perturbations, we study an electron distribution 
function defined as 
                                           ( ) ( )ρρρ 2,2, rr nlnlD Φ= .                                                             (29) 
Figure 1 shows the electron distribution function of a nanoshell with nmR 6.10=  
( )200=η  and 0=l  for (a) 0=rn , (b) 1=rn , (c) 2=rn , and (d) 3=rn . It is clearly seen 
that the electron clouds (i.e. distribution of electrons around the nucleus) in ARA ( 300≈ρ ) 
is approximately a hundred times larger than that of a hydrogen atom ( 3≈ρ ). Since the 
electron clouds are directly related to the dipole matrix elements as shown in the Rydberg 
atoms, a large distribution of electrons induces huge dipole matrix elements and makes a 
high sensitivity of the system to external perturbations. 
Because the diamagnetic response of the system is proportional to the magnitude of 
the matrix element, we now estimate the magnitude of diamagnetic susceptibility of ARA 
by taking a matrix element of     2r  in the ground state. The diamagnetic susceptibility  χ  
at temperature  0=T   is proportional to the area of electron clouds in the ground state 
G [7]: 
                                                  .2 GrG∼χ                                                                    (30) 
Using Eq. (20) for wave functions, we calculate GrG 2  for different radii of the 
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nanoshell 150,100,50=η  and 200 and find out:  
                                   .
200for    5.16373
150for    2.9573
100for    9.4527
50for    3.1292
2
0
2
0
2
0
2
0
2
⎪⎪⎩
⎪⎪⎨
⎧
=
=
=
=
=
η
η
η
η
a
a
a
a
GrG                                               (31) 
This result indicates that the magnitude of the diamagnetic susceptibility of ARA increases 
with the radius of nanoshell and is one–ten thousand times larger than that of the hydrogen 
atom. In other words, a large diamagnetic response at  0=T  in ARA is obtained due to a 
large matrix element, as expected for Rydberg atoms. 
 
VI. Conclusion  
 
In summary, we have studied the quantum mechanics of an electron in the field of a 
positively charged nanoshell. In this system, we have found that as the radius of the 
nanoshell increases, the size of the electron clouds increases, but the binding and excitation 
energies of the system decrease. We have also shown that the ground and the first excited 
bound states of the system have remarkably the same properties of highly excited Rydberg 
states of a hydrogen-like atom, such as a high sensitivity to the external perturbations and 
long radiative lifetimes. Finally, we have also calculated the ground and the first excited 
state energies using the WKB approximation. It is confirmed from both the exact results 
and the WKB approximation that the magnitudes of the ground and the first excited state 
energies are in good agreement.   
 
APPENDIX A: ARA spectrum in the WKB approximation 
 
It is well-known that the WKB theory works well for a hydrogen atom and the 
WKB theory of a hydrogen atom gives a correct result for the energy spectrum [9]. In 
general, the energy of the system in the WKB approximation is given by an equation: 
                               ( ) ( ) ,...3,2,1,0   ;2/12
1
=+=∫ rr
r
r
nnrdrQ π                                             (A.1) 
where  
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                              ( ) ( ) ( ) ⎥⎦
⎤⎢⎣
⎡ +−−= 22
2
2
2 2/1
2
2 l
mr
rVEmrQ hh                                             (A.2) 
and  2,1r   are classical turning points with a condition: 
                                                    ( ) 02,1 =rQ .                                                                     (A.3) 
There are two types of the finite motion depending on the energy of the particle in the field 
of the symmetric potential [Eq. (1)]. If the energy 2ξ of the particle in Eq. (14) is satisfied 
with an inequality relation 
                                             ( ) ⎥⎦
⎤⎢⎣
⎡ −≤ 222 //2 ,1min ηηξ LL                                                (A.4) 
and 
                                                       η2≤L ,                                                                        (A.5) 
then there are two turning points: one is <ρ  which is inside the nanoshell and another one  
is >+ρ   which is outside the nanoshell. Hence, the momentum of the particle at the point ρ  
can be written as  
                                ( ) ,
for    ]//2[
for     ]//2[
2/1222
2/1222
⎩⎨
⎧
≤≤−−
≤≤−−= >
+
<
ρρηρξρ
ηρρρξηρ
L
LQ                                  (A.6) 
where we introduce 
                                                  2/1+= lL .                                                                     (A.7) 
Therefore, the turning points in the problem can be obtained: 
                                    ( ) ⎥⎦⎤⎢⎣⎡ −±=−= −>±< 222 11  ,/2/ LL ξξρξηρ .                               (A.8) 
For the energy window of particle satisfying an inequality relation 
                                                    ( ) [ ]222 /1 ,/1min//2 LL ηξηη ≤≤−                                (A.9) 
both turning points >±ρ   are located outside of the nanoshell and the momentum of the 
particle is given by  
                                      ( ) >+>− ≤≤−−= ρρρρξρρ for    ]//2[ 2/1222 LQ .                         (A.10) 
Substituting Eq. (A.5) and Eq. (A.7) into Eq. (A.10) and taking integration by ρ ,  we come 
to the result as follows. In the WKB approximation the energy levels 
rnl ,
ξξ =  of ARA 
shows a hydrogen-like spectrum such as   
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                                      ,...2,1,0  ;
1
1
, =++= rrnl
n
nlr
ξ                                                (A.11.a) 
in the energy window  
                                ( ) [ ]./1 ,/1min//2 222 LL ηξηη ≤≤−                                             (A.11.b) 
Furthermore, the spectrum of ARA is obtained from a transcendental equation 
( ) ( )22
2
2
arccos
1
/1arcsin
ξηηξ
η
−
−
−
− L
L
L  
                         ( ) ( )[ ] 02/111arcsin1 12
2
=−++−
−
−+ −ξπ
ξ
ηξ
ξ LnLLL r
                                (A.12.a) 
with a condition for an energy 
                                                   ( ) ⎥⎦
⎤⎢⎣
⎡ −≤ 222 //2 ,
1min ηηξ L
L
                                    (A.12.b) 
and a momentum  
                                                         2/12 −≤ ηl .                                                      (A.12.c) 
The solutions of Eq. (A.12.a) are shown in Table 2 for the same energetic levels as in Table 
1.  
 
 
TABLE 2. The first four energy levels of ARA for 2,1,0 =l  and  200,150,100,50=η in 
the WKB approximation. 
 
  It is worthwhile to mention that from the comparison of Tables 1 and 2, there is a 
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small deviation (an order of 410−∼ ) in the values of  ξ  between the exact calculations and 
the WKB approximation.  
         With the help of Eq. (A.12.a) it is possible to find ( )ηξ ′   using an implicit function 
theorem: 
                                                                ( ) ′′−=′ ξηηξ FF / ,                                           (A.13) 
where ( )ηξ ,FF =   is coincident with the left hand side of Eq. (A.12.a). From the 
calculations, we get  
                  ( ) ( ) .1
1arcsin
2)(2
2/1
2
1
2
2
22
1
−
−
⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛
−
−+−−
−+−=′
LL ξ
ηξπ
ξρη
ηξξ
η
ξηξ                    (A.14) 
Using an inequality relation of Eq. (15), we can conclude that  
                                                          ( ) 0<′ ηξ ,                                                              (A.15) 
and therefore  
rnl ,
ξ   is a monotonic decreasing function of  η   in the intervals (A.12.b) and 
(A.12.c). 
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Figure captions 
 
 
Fig. 1. The electron distribution function of ARA with ( )200 6.10 == ηnmR  and 0=l  for 
(a) 0=rn , (b) 1=rn , (c) 2=rn , and (d) 3=rn . 
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